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SCALAR CURVATURE RIGIDITY OF GEODESIC BALLS
IN Sn
S. BRENDLE AND F.C. MARQUES
Abstract. In this paper, we prove a scalar curvature rigidity result
for geodesic balls in Sn. This result contrasts sharply with the recent
counterexamples to Min-Oo’s conjecture for the hemisphere (cf. [5]).
1. Introduction
In this paper, we study rigidity phenomena involving the scalar curvature.
These questions are motivated to a large extent by the positive mass theorem
in general relativity, which was proved by Schoen and Yau [17] and Witten
[18]. An important corollary of this theorem is that any Riemannian metric
on Rn which has nonnegative scalar curvature and agrees with the Euclidean
metric outside a compact set is necessarily flat.
It was observed by Miao [14] that the positive mass theorem implies the
following rigidity result for metrics on the unit ball:
Theorem 1. Suppose that g is a Riemannian metric on the unit ball Bn ⊂
R
n with the following properties:
• The scalar curvature of g is nonnegative.
• The induced metric on the boundary ∂Bn agrees with the standard
metric on ∂Bn.
• The mean curvature of ∂Bn with respect to g is at least n− 1.
Then g is isometric to the standard metric on Bn.
An important generalization of Theorem 1 was proved by Shi and Tam
[16].
Motivated by the positive mass theorem, Min-Oo [15] posed the following
question:
Min-Oo’s Conjecture. Suppose that g is a Riemannian metric on the
hemisphere Sn+ with the following properties:
• The scalar curvature of g is at least n(n− 1).
• The induced metric on the boundary ∂Sn+ agrees with the standard
metric on ∂Sn+.
• The boundary ∂Sn+ is totally geodesic with respect to g.
The first author was supported in part by the National Science Foundation under
grant DMS-0905628. The second author was supported by CNPq-Brazil, FAPERJ, and
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Then g is isometric to the standard metric on Sn+.
Min-Oo’s conjecture has been verified in many special cases (see e.g. [9],
[11], [12]). A related rigidity result for real projective space RP3 was estab-
lished in [3].
Very recently, counterexamples to Min-Oo’s conjecture were constructed
in [5].
Theorem 2 (S. Brendle, F.C. Marques, A. Neves [5]). Given any integer
n ≥ 3, there exists a smooth Riemannian metric gˆ on the hemisphere Sn+
with the following properties:
• The scalar curvature of gˆ is at least n(n− 1) at each point on Sn+.
• The scalar curvature of gˆ is strictly greater than n(n − 1) at some
point on Sn+.
• The metric gˆ agrees with the standard metric in a neighborhood of
∂Sn+.
The proof of Theorem 2 relies on a perturbation analysis.
In this paper, we study the analogous rigidity question for geodesic balls
in Sn of radius less than pi2 . To fix notation, let g be the standard metric
on Sn and let f : Sn → R denotes the restriction of the coordinate function
xn+1 to S
n. We will consider a domain of the form Ω = {f ≥ c}. If
c ≥ 2√
n+3
, we have the following rigidity result:
Theorem 3. Consider the domain Ω = {f ≥ c}, where c ≥ 2√
n+3
. Let g be
a Riemannian metric on Ω with the following properties:
• Rg ≥ n(n− 1) at each point in Ω.
• Hg ≥ Hg at each point on ∂Ω.
• The metrics g and g induce the same metric on ∂Ω.
If g − g is sufficiently small in the C2-norm, then ϕ∗(g) = g for some
diffeomorphism ϕ : Ω→ Ω with ϕ|∂Ω = id.
We remark that the conclusion of Theorem 3 holds under the weaker
assumption that g is close to g in W 2,p-norm for p > n.
Note that Theorem 3 is false for the hemisphere {f ≥ 0}: by Theorem 4
in [5], there exist Riemannian metrics on the hemisphere which satisfy the
assumptions of Theorem 3 and are arbitrary close to the standard metric g
in the C∞-topology, but which are not isometric to g.
The proof of Theorem 3 relies on a perturbation analysis which is similar
in spirit to Bartnik’s work on the positive mass theorem (cf. [1], Section
5). Similar techniques have been employed in the study of the total scalar
curvature functional (see e.g. [2], Section 4G) and the Yamabe flow (cf.
[4]). Dai, Wang, and Wei [6],[7] have obtained interesting stability results
for manifolds with parallel spinors, as well as for Ka¨hler-Einstein manifolds.
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2. The scalar curvature and boundary mean curvature of a
perturbed metric
In this section, we consider a smooth manifold Ω with boundary ∂Ω.
Let g be a fixed Riemannian metric on Ω. Moreover, we consider another
Riemannian metric g = g + h, where |h|g ≤ 12 at each point in Ω. For
abbreviation, we write (h2)ik = g
jl hij hkl.
Proposition 4. The scalar curvature of g satisfies the pointwise estimate∣∣∣Rg −Rg + 〈Ricg, h〉 − 〈Ricg, h2〉
+
1
4
gij gkl gpqDihkpDjhlq − 1
2
gij gkl gpqDihkpDlhjq
+
1
4
gpq ∂p(trg(h)) ∂q(trg(h)) +Di
(
gik gjl (Dkhjl −Dlhjk)
)∣∣∣
≤ C |h| |Dh|2 + C |h|3.
Here, D denotes the Levi-Civita connection with respect to g, and C is a
positive constant which depends only on n.
Proof. The Levi-Civita connection with respect to g is given by
DXY = DXY + Γ(X,Y ),
where Γ is defined by
g(Γ(X,Y ), Z) =
1
2
(
(DXh)(Y,Z) + (DY h)(X,Z) − (DZh)(X,Y )
)
.
In local coordinates, the tensor Γ can be written in the form
Γmjk =
1
2
glm (Djhkl +Dkhjl −Dlhjk).
With this understood, the scalar curvature of g is given by
Rg = g
ik (Ricg)ik + g
ik gjl gpq Γ
q
il Γ
p
jk − gik gjl gpq Γqjl Γpik
− gik gjl (D2i,khjl −D2i,lhjk)
(cf. [5], Proposition 16). This implies∣∣∣Rg −Rg + 〈Ricg, h〉 − 〈Ricg, h2〉
− 3
4
gij gkl gpqDihkpDjhlq +
1
2
gij gkl gpqDihkpDlhjq
+
1
4
gpq ∂p(trg(h)) ∂q(trg(h)) − gij gpqDihjp ∂q(trg(h))
+ gij gkl gpqDihjpDkhlq + g
ik gjl (D
2
i,khjl −D2i,lhjk)
∣∣∣
≤ C |h| |Dh|2 + C |h|3.
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Hence, we obtain∣∣∣Rg −Rg + 〈Ricg, h〉 − 〈Ricg, h2〉
+
1
4
gij gkl gpqDihkpDjhlq − 1
2
gij gkl gpqDihkpDlhjq
+
1
4
gpq ∂p(trg(h)) ∂q(trg(h)) +Di
(
gik gjl (Dkhjl −Dlhjk)
)∣∣∣
≤ C |h| |Dh|2 + C |h|3,
as claimed.
In the next step, we estimate the mean curvature of the boundary ∂Ω with
respect to the metric g. To that end, we assume that g and g induce the same
metric on the boundary ∂Ω; in other words, we assume that h(X,Y ) = 0
whenever X and Y are tangent vectors to ∂Ω.
Proposition 5. Assume that g and g induce the same metric on the bound-
ary ∂Ω. Then the mean curvature of ∂Ω with respect to g satisfies
∣∣∣∣2 (Hg −Hg)−
(
h(ν, ν)− 1
4
h(ν, ν)2 +
n−1∑
a=1
h(ea, ν)
2
)
Hg
+
(
1− 1
2
h(ν, ν)
) n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)∣∣∣∣
≤ C |h|2 |Dh|+ C |h|3.
Here, {ea : 1 ≤ a ≤ n − 1} is a local orthonormal frame on ∂Ω, and C is a
positive constant that depends only on n.
Proof. Using the identity
Hg ν −Hg ν = −
n−1∑
a=1
(Deaea −Deaea) = −
n−1∑
a=1
Γ(ea, ea),
we obtain
2
(
Hg g(ν, ν)−Hg g(ν, ν)
)
= −2
n−1∑
a=1
g(Γ(ea, ea), ν) = −
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
.
Clearly, g(ν, ν) = 1 + h(ν, ν). Moreover, it is easy to see that the vector
ν −∑n−1a=1 h(ea, ν) ea is orthogonal to ∂Ω with respect to g. From this, we
deduce that
ν −
n−1∑
a=1
h(ea, ν) ea =
(
1 + h(ν, ν)−
n−1∑
a=1
h(ea, ν)
2
) 1
2
ν,
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hence
g(ν, ν) =
(
1 + h(ν, ν)−
n−1∑
a=1
h(ea, ν)
2
) 1
2
.
Substituting these identities into the previous formula for Hg, the assertion
follows.
3. Perturbations of the standard metric on Sn
We now consider perturbations of the standard metric g on Sn. To fix
notation, let f : Sn → R denote the restriction of the coordinate function
xn+1 to S
n, and let Ω = {f ≥ c} be a geodesic ball centered at the north
pole. Here, c is a positive real number which will be specified later.
Let g be a Riemannian metric on Ω. We will assume throughout that g
and g induce the same metric on the boundary ∂Ω. Moreover, we assume
that g = g + h, where |h|g ≤ 12 at each point in Ω.
Our goal in this section is to estimate the integral
∫
Ω
(Rg − n(n− 1)) f dvolg
(see also [10]).
Proposition 6. We have
∣∣∣∣
∫
Ω
(Rg − n(n− 1)− (n− 1) |h|2g) f dvolg +
1
4
∫
Ω
|Dh|2 f dvolg
+
1
4
∫
Ω
|∇(trg(h))|2 f dvolg − 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
+
∫
Ω
gik gjp glq hpq (Dkhjl −Dlhjk) ∂if dvolg
+
∫
Ω
gip gkq gjl hpq (Dkhjl −Dlhjk) ∂if dvolg
+
∫
∂Ω
gjl (Dkhjl −Dlhjk) νk f dσg
−
∫
∂Ω
gjp glq hpq (Dkhjl −Dlhjk) νk f dσg
−
∫
∂Ω
gkq gjl hpq (Dkhjl −Dlhjk) νp f dσg
∣∣∣∣
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg + C
∫
∂Ω
|h|2 |Dh| dσg,
where C is a positive constant that depends only on n and c.
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Proof. Using Proposition 4 and the divergence theorem, we obtain
∣∣∣∣
∫
Ω
(Rg − n(n− 1) + (n− 1) trg(h)− (n− 1) |h|2g) f dvolg
+
1
4
∫
Ω
|Dh|2 f dvolg − 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
+
1
4
∫
Ω
|∇(trg(h))|2 f dvolg −
∫
Ω
gik gjl (Dkhjl −Dlhjk) ∂if dvolg
+
∫
∂Ω
gik gjl (Dkhjl −Dlhjk) gim νm f dσg
∣∣∣∣
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg.
Here, ν denotes the outward-pointing unit normal vector to ∂Ω with respect
to the metric g. Using the identity D
2
i,kf = −f gik, we obtain
∫
Ω
(n− 1) trg(h) f dvolg −
∫
Ω
gik gjl (Dkhjl −Dlhjk) ∂if dvolg
= −
∫
∂Ω
(trg(h) ∂νf − h(ν,∇f)) dσg = 0.
Thus, we conclude that
∣∣∣∣
∫
Ω
(Rg − n(n− 1)− (n− 1) |h|2g) f dvolg +
1
4
∫
Ω
|Dh|2 f dvolg
+
1
4
∫
Ω
|∇(trg(h))|2 f dvolg − 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
−
∫
Ω
(gik gjl − gik gjl) (Dkhjl −Dlhjk) ∂if dvolg
+
∫
∂Ω
gik gjl (Dkhjl −Dlhjk) gim νm f dσg
∣∣∣∣
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg.
From this, the assertion follows easily.
In the remainder of this section, we will assume that h is divergence-free
in the sense that gikDihkl = 0.
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Proposition 7. Assume that h is divergence-free. Then∣∣∣∣
∫
Ω
(Rg − n(n− 1)) f dvolg + 1
4
∫
Ω
|Dh|2 f dvolg
+
1
4
∫
Ω
|∇(trg(h))|2 f dvolg + 1
2
∫
Ω
|h|2g f dvolg
+
1
2
∫
Ω
trg(h)
2 f dvolg +
1
4
∫
∂Ω
(|h|2g + 3h(ν, ν)2) ∂νf dσg
+
∫
∂Ω
gjlDkhjl ν
k f dσg − 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg
−
∫
∂Ω
gjp glq hpq (Dkhjl −Dlhjk) νk f dσg
−
∫
∂Ω
gkq gjl hpqDkhjl ν
p f dσg
∣∣∣∣
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg + C
∫
∂Ω
|h|2 |Dh| dσg,
where C is a positive constant that depends only on n and c.
Proof. Since g has constant sectional curvature 1, we have
D
2
i,lhjq = D
2
l,ihjq + hlq gij − hiq gjl + hjl giq − hij glq.
Since h is divergence-free, it follows that
gijD
2
i,lhjq = nhlq − trg(h) glq.
This implies
−
∫
Ω
gij gkl gpq hkpDlhjq ∂if dvolg −
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
=
∫
Ω
gij gkl gpq hkpD
2
i,lhjq f dvolg −
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg
= n
∫
Ω
|h|2g f dvolg −
∫
Ω
trg(h)
2 f dvolg −
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg.
From this, we deduce that∫
Ω
gik gjp glq hpq (Dkhjl −Dlhjk) ∂if dvolg
− 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
=
1
2
∫
Ω
gik ∂k(|h|2g) ∂if dvolg −
1
2
∫
Ω
gik gjp glq hpqDlhjk ∂if dvolg
+
n
2
∫
Ω
|h|2g f dvolg −
1
2
∫
Ω
trg(h)
2 f dvolg
− 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg.
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Integration by parts gives
∫
Ω
gik gjp glq hpq (Dkhjl −Dlhjk) ∂if dvolg
− 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
= −1
2
∫
Ω
|h|2g ∆gf dvolg +
1
2
∫
Ω
gik gjp glq hpq hjkD
2
i,lf dvolg
+
1
2
∫
∂Ω
|h|2g ∂νf dσg −
1
2
∫
∂Ω
gik gjp hpq hjk ∂if ν
q dσg
+
n
2
∫
Ω
|h|2g f dvolg −
1
2
∫
Ω
trg(h)
2 f dvolg
− 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg
=
2n− 1
2
∫
Ω
|h|2g f dvolg −
1
2
∫
Ω
trg(h)
2 f dvolg
+
1
2
∫
∂Ω
|h|2g ∂νf dσg −
1
2
∫
∂Ω
gik gjp hpq hjk ∂if ν
q dσg
− 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg.
Moreover, we have
∫
Ω
gip gkq gjl hpq (Dkhjl −Dlhjk) ∂if dvolg
=
∫
Ω
gip gkq hpq ∂k(trg(h)) ∂if dvolg
= −
∫
Ω
gip gkq hpq trg(h)D
2
i,kf dvolg +
∫
∂Ω
gip hpq trg(h) ∂if ν
q dσg
=
∫
Ω
trg(h)
2 f dvolg +
∫
∂Ω
gip hpq trg(h) ∂if ν
q dσg.
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Putting these facts together, we obtain∫
Ω
gip gkq gjl hpq (Dkhjl −Dlhjk) ∂if dvolg
+
∫
Ω
gik gjp glq hpq (Dkhjl −Dlhjk) ∂if dvolg
− 1
2
∫
Ω
gij gkl gpqDihkpDlhjq f dvolg
=
2n− 1
2
∫
Ω
|h|2g f dvolg +
1
2
∫
Ω
trg(h)
2 f dvolg
+
1
2
∫
∂Ω
|h|2g ∂νf dσg −
1
2
∫
∂Ω
gik gjp hpq hjk ∂if ν
q dσg
+
∫
∂Ω
gip hpq trg(h) ∂if ν
q dσg − 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg
=
2n− 1
2
∫
Ω
|h|2g f dvolg +
1
2
∫
Ω
trg(h)
2 f dvolg
+
1
4
∫
∂Ω
(|h|2g + 3h(ν, ν)2) ∂νf dσg −
1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j f dσg.
Hence, the assertion follows from Proposition 6.
4. Analysis of the boundary terms
In this section, we analyze the boundary terms in Proposition 7. As
in the previous section, we assume that g is the standard metric on Sn,
and Ω = {f ≥ c} centered at the north pole. Moreover, we consider a
Riemannian metric on Ω of the form g = g+h, where |h|g ≤ 12 at each point
in Ω.
Proposition 8. Assume that h is divergence-free. Then∫
∂Ω
gjlDkhjl ν
k dσg − 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j dσg
−
∫
∂Ω
gjp glq hpq (Dkhjl −Dlhjk) νk dσg
−
∫
∂Ω
gkq gjl hpqDkhjl ν
p dσg
= −
∫
∂Ω
(1− h(ν, ν))
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
dσg
+
∫
∂Ω
(
1− 1
2
h(ν, ν)
)
h(ν, ν)Hg dσg
+
3n− 2
2(n− 1)
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2Hg dσg.
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Here, {ea : 1 ≤ a ≤ n − 1} is a local orthonormal frame on ∂Ω, and C is a
positive constant that depends only on n and c.
Proof. Let {ea : 1 ≤ a ≤ n − 1} be a local orthonormal frame on ∂Ω.
Since h is divergence-free, we have
gjlDkhjl ν
k − 1
2
gkl gpq hkpDlhjq ν
j
− gjp glq hpq (Dkhjl −Dlhjk) νk − gkq gjl hpqDkhjl νp
= −(1− h(ν, ν))
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
+
(
1− 1
2
h(ν, ν)
) n−1∑
a=1
(Deah)(ea, ν)−
1
2
n−1∑
a=1
(Deah)(ν, ν)h(ea, ν)
+
3
2
n−1∑
a,b=1
h(ea, ν) (Debh)(ea, eb)−
n−1∑
a,b=1
h(ea, ν) (Deah)(eb, eb).
At this point, we define a one-form ω on ∂Ω by ω(ea) = (1−12 h(ν, ν))h(ea, ν).
Since ∂Ω is umbilic with respect to g, we have
Deaν =
1
n− 1 Hg ea,
where Hg denotes the mean curvature of ∂Ω with respect to the metric g.
Using this relation, we obtain the following formula for the divergence of ω:
div∂Ω(ω) =
(
1− 1
2
h(ν, ν)
) n−1∑
a=1
(Deah)(ea, ν)−
1
2
n−1∑
a=1
(Deah)(ν, ν)h(ea, ν)
− (1− 1
2
h(ν, ν)
)
h(ν, ν)Hg − 1
n− 1
n−1∑
a=1
h(ea, ν)
2Hg.
Moreover, we have the pointwise identities
n−1∑
b=1
(Debh)(ea, eb) =
n
n− 1 h(ea, ν)Hg
and
n−1∑
b=1
(Deah)(eb, eb) =
2
n− 1 h(ea, ν)Hg.
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Putting these facts together, we obtain
gjlDkhjl ν
k − 1
2
gkl gpq hkpDlhjq ν
j
− gjp glq hpq (Dkhjl −Dlhjk) νk − gkq gjl hpqDkhjl νp
= −(1− h(ν, ν))
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
+
(
1− 1
2
h(ν, ν)
)
h(ν, ν)Hg +
3n− 2
2(n − 1)
n−1∑
a=1
h(ea, ν)
2Hg + div∂Ω(ω).
Therefore, the assertion follows from the divergence theorem.
Combining Proposition 8 and Proposition 5, we can draw the following
conclusion:
Corollary 9. If h is divergence-free, then we have∣∣∣∣
∫
∂Ω
(2− h(ν, ν)) (Hg −Hg) dσg
−
∫
∂Ω
gjlDkhjl ν
k dσg +
1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j dσg
+
∫
∂Ω
gjp glq hpq (Dkhjl −Dlhjk) νk dσg
+
∫
∂Ω
gkq gjl hpqDkhjl ν
p dσg
+
1
4
∫
∂Ω
h(ν, ν)2Hg dσg +
n
2(n − 1)
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2Hg dσg
∣∣∣∣
≤ C
∫
∂Ω
|h|2 |Dh| dσg + C
∫
∂Ω
|h|3 dσg,
where C is a positive constant that depends only on n and c.
Proof. It follows from Proposition 5 that∣∣∣∣
∫
∂Ω
(2− h(ν, ν)) (Hg −Hg) dσg
−
∫
∂Ω
(
h(ν, ν)− 3
4
h(ν, ν)2 +
n−1∑
a=1
h(ea, ν)
2
)
Hg dσg
+
∫
∂Ω
(1− h(ν, ν))
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
dσg
∣∣∣∣
≤ C
∫
∂Ω
|h|2 |Dh| dσg + C
∫
∂Ω
|h|3 dσg.
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Moreover, we have
∫
∂Ω
gjlDkhjl ν
k dσg − 1
2
∫
∂Ω
gkl gpq hkpDlhjq ν
j dσg
−
∫
∂Ω
gjp glq hpq (Dkhjl −Dlhjk) νk dσg
−
∫
∂Ω
gkq gjl hpqDkhjl ν
p dσg
= −
∫
∂Ω
(1− h(ν, ν))
n−1∑
a=1
(
2 (Deah)(ea, ν)− (Dνh)(ea, ea)
)
dσg
+
∫
∂Ω
(
1− 1
2
h(ν, ν)
)
h(ν, ν)Hg dσg
+
3n− 2
2(n− 1)
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2Hg dσg
by Proposition 8. Putting these facts together, the assertion follows.
Theorem 10. Assume that h is divergence-free. Then
∣∣∣∣
∫
Ω
(Rg − n(n− 1)) f dvolg +
∫
∂Ω
(2− h(ν, ν)) (Hg −Hg) f dσ
+
1
4
∫
Ω
|Dh|2 f dvolg + 1
4
∫
Ω
|∇(trg(h))|2 f dvolg
+
1
2
∫
Ω
|h|2g f dvolg +
1
2
∫
Ω
trg(h)
2 f dvolg
+
∫
∂Ω
h(ν, ν)2 ∂νf dσg +
1
2
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2 ∂νf dσg
+
1
4
∫
∂Ω
h(ν, ν)2Hg f dσg +
n
2(n − 1)
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2Hg f dσg
∣∣∣∣
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg
+ C
∫
∂Ω
|h|2 |Dh| dσg + C
∫
∂Ω
|h|3 dσg.
Here, C is a positive constant that depends only on n and c.
Proof. Recall that f is constant along the boundary ∂Ω. Hence, the
assertion is a consequence of Proposition 7 and Corollary 9.
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5. Proof of Theorem 3
To prove Theorem 3, we need an analogue of Ebin’s slice theorem for
manifolds with boundary [8] (see also [10]). The proof is standard, and
works on any compact manifold with boundary.
Proposition 11. Fix a real number p > n. If ‖g−g‖W 2,p(Ω,g) is sufficiently
small, we can find a diffeomorphism ϕ : Ω → Ω such that ϕ|∂Ω = id and
h = ϕ∗(g) − g is divergence-free. Moreover,
‖h‖W 2,p(Ω,g) ≤ N ‖g − g‖W 2,p(Ω,g),
where N is a positive constant that depends only on Ω.
Proof. Let S denote the space of symmetric two-tensors on Ω of class
W 2,p, and let M denote the space of Riemannian metrics on Ω of classW 2,p.
Moreover, let X denote the space of vector fields of class W 3,p that vanish
along the boundary ∂Ω, and let D denote the space of all diffeomorphisms
ϕ : Ω → Ω of class W 3,p satisfying ϕ|∂Ω = id. Clearly, the tangent space to
M at g can be identified with S ; similarly, the tangent space to D at the
identity can be identified with X .
There is a natural action
A : D ×M → M , (ϕ, g) → ϕ∗(g).
Let us consider the linearization of A around the point (id, g). This gives a
map L : TidD → TgM . The map L sends a vector field ξ ∈ X to the Lie
derivative Lξ(g) ∈ S . Standard elliptic regularity theory implies that
S = {Lξ(g) : ξ ∈ X } ⊕ {h ∈ S : h is divergence-free}
(compare [10], p. 523). Hence, the assertion follows from the implicit func-
tion theorem.
We now complete the proof of Theorem 3. Let g be a Riemannian metric
on the domain Ω = {f ≥ c} with the following properties:
• Rg ≥ n(n− 1) at each point in Ω.
• Hg ≥ Hg at each point on ∂Ω.
• The metrics g and g induce the same metric on ∂Ω.
If ‖g − g‖W 2,p(Ω,g) is sufficiently small, Proposition 11 implies the existence
of a diffeomorphism ϕ : Ω → Ω such that ϕ|∂Ω = id and h = ϕ∗(g) − g is
divergence-free.
14 S. BRENDLE AND F.C. MARQUES
Note that Rϕ∗(g) ≥ n(n− 1) at each point in Ω and Hϕ∗(g) ≥ Hg at each
point on ∂Ω. Applying Theorem 10 to the metric ϕ∗(g) = g + h, we obtain
1
4
∫
Ω
|Dh|2 f dvolg + 1
4
∫
Ω
|∇(trg(h))|2 f dvolg
+
1
2
∫
Ω
|h|2g f dvolg +
1
2
∫
Ω
trg(h)
2 f dvolg
+
∫
∂Ω
h(ν, ν)2 ∂νf dσg +
1
2
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2 ∂νf dσg
+
1
4
∫
∂Ω
h(ν, ν)2Hg f dσg +
n
2(n − 1)
∫
∂Ω
n−1∑
a=1
h(ea, ν)
2Hg f dσg
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg
+ C
∫
∂Ω
|h|2 |Dh| dσg + C
∫
∂Ω
|h|3 dσg.
If we choose c ≥ 2√
n+3
, then
1
4
Hg f + ∂νf =
n− 1
4
f2
|∇f | − |∇f | =
n− 1
4
c2√
1− c2 −
√
1− c2 ≥ 0
at each point on ∂Ω. This implies
1
4
∫
Ω
|Dh|2 f dvolg + 1
4
∫
Ω
|∇(trg(h))|2 f dvolg
+
1
2
∫
Ω
|h|2g f dvolg +
1
2
∫
Ω
trg(h)
2 f dvolg
≤ C
∫
Ω
|h| |Dh|2 dvolg + C
∫
Ω
|h|3 dvolg
+ C
∫
∂Ω
|h|2 |Dh| dσg + C
∫
∂Ω
|h|3 dσg.
By the trace theorem, the error terms on the right hand side are bounded
from above by C ‖h‖C1(Ω,g) ‖h‖2W 1,2(Ω,g). Hence, if ‖h‖C1(Ω,g) is sufficiently
small, then h vanishes identically, and therefore ϕ∗(g) = g. This completes
the proof of Theorem 3.
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